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Nomenclature

e, €, €3 = reference orthogonal unit vectors in the
undeformed configuration

ey, €p, €13 = strain vectors at the reference point

e}, es, e; = reference orthogonal unit vectors in the
deformed configuration

iy, Iy, I3 = fixed orthogonal unit vectors

Kis Koy K3 = strain curvature vectors in the undeformed
configuration

q = generalized nodal displacement vector

T(x,) transformation matrix between a deformed-beam
axis and a reference beam axis

t,(xy) = transformation matrix between an undeformed-
beam axis and a deformed-beam axis

u, v, w = elastic displacements in the x, y, and z
directions, respectively

wy, Wy, w3 = warping displacement

y = specific heat ratio

B = steady angle of attack at root section

¢ = disturbance velocity potential

1. Introduction

P redictions of aeroelastic stability for a high-altitude, long-
endurance (HALE) aircraft have been studied in recent years.
HALE aircraft are used for a variety of flight missions, including
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those related to unmanned reconnaissance, long-term surveillance,
environmental sensing, and communication relay. For these types of
missions, it is necessary for a wing to have a high lift-to-drag ratio and
a lightweight structure. Thus, the wing of the HALE aircraft is
designed in consideration of a high-aspect-ratio-wing concept. For
example, the wing of HALE has an aspect ratio of approximately 35
and uses highly flexible structures. Because of these wing charac-
teristics, a large deflection of the wing tip of nearly 25% of the wing
semispan can occur. Such a large deflection can be categorized as a
type of geometric structural nonlinearity. For several decades, aero-
elastic analyses that take into account a geometric structural non-
linearity have been conducted on the rotor blades of helicopters. For
the aeroelasticity of a rotary wing, aeroelastic stability can be affected
by geometric structural nonlinearity. In general, a blade is modeled
by using a beam to consider the geometrical nonlinearity. In the field
of fixed-wing aeroelasticity, the aeroelastic characteristics of high-
aspect-ratio wings are investigated using a beam model. Van Schoor
and von Flotow [1] investigated aeroelastic characteristics using a
human-powered aircraft model. A complete aircraft was modeled
using a few modes of vibration, including rigid-body modes. In
addition, the doublet-lattice theory was applied to an aerodynamic
model. Pendaries [2] showed the results of a linear aeroelastic flight
dynamic analysis. However, both of these studies were performed
under the assumption of a linear structural model. Thus, the effects of
geometric structural nonlinearity were not considered in the aero-
elastic analyses. Recently, however, Patil et al. [3,4] investigated the
static and dynamic aeroelastic characteristics of a high-aspect-ratio
wing. For a structural analysis, the wing is modeled by a beam, and
the effects of the geometric structural nonlinearity are described by
using the Rodrigues parameter, which represents a rotation. For
nonlinear aerodynamic loads, finite-state unsteady aerodynamics
using a stall model was applied in their research. The results indicate
that the flutter characteristics change due to geometric structural
nonlinearity. Hall et al. [5] presented a study that combined three-
dimensional nonplanar aerodynamic theory and a linear structural
analysis. The instability of the flutter speed was reduced through the
curvature of the wing. Theoretical and experimental investigations of
flutter and limit cycle oscillations using a nonlinear beam model and
the ONERA stall model were conducted by Tang and Dowell [6].
Patil and Hodges [7] developed an aeroelastic analysis using a
nonlinear structural model with three-dimensional aerodynamics.
For a static aeroelastic analysis, vortex-lattice method, which
includes the curvature of the wing, was applied. On the other hand,
double-lattice method was used for a dynamic aeroelastic analysis. It
was found that the flutter stability values, which are obtained by two
different aerodynamic methods, are similar to each other. More
recently, Smith et al. [8] performed a static aeroelastic analysis based
on computational fluid dynamics (CFD). The Euler equation and a
geometrically exact beam model were used in their research. In
addition, aeroelastic analyses of highly flexible wings were done by
coupling the Navier-Stokes equation with nonlinear beam finite
elements [9].

In the aforementioned studies, the acrodynamic models used panel
methods or Euler/Navier—Stokes equations for the aeroelastic ana-
lyses. However, it is difficult to consider the effect of a camber and a
thickness of a wing when using these methods with linear aerody-
namic models. On the other hand, Euler/Navier—Stokes equations are
inefficient for three-dimensional configurations due to the high com-
putational cost associated with these equations. Thus, an efficient
aeroelastic method is presented to include both geometrical struc-
tural and aerodynamic nonlinearities in this research. The transonic-
small-disturbance theory (TSD) is well known as an efficient method
for aeroelastic analysis. The TSD theory can simply create a compu-
tational mesh and is known for its efficient computing time. Hence, to
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achieve the goal of this study, aeroelastic analyses of a HALE aircraft
wing are performed using the TSD theory and large-deflection-beam
theory for an aerodynamic and a structural analysis, respectively. For
the aeroelastic analysis, a nonlinear structural solver based on a finite
element method is directly coupled with a fluid solver. For the
geometric structural nonlinearity, a finite element approach using a
large deflection beam is applied for the geometric structural non-
linear effect. The structural model used in the present analysis is a
modified form of the beam model by Bauchau and Hong [10].
Additionally, a structural mesh and a CFD grid do not coincide with
each other. Transformation methods of displacements from the finite
element method (FEM) mesh to the CFD grid and forces from the
CFD grid to the FEM mesh are considered.

II. Theoretical Background
A. Large-Deflection-Beam Theory

To analyze the nonlinear beam model, the geometry and coordi-
nate systems under large deformation are illustrated in Fig. 1. Here,
the triad i, i,, and i3 are fixed in a reference frame; the triad e, e,,
and e5 is attached to a reference line along the axis of the undeformed
beam; and the triad e}, e3, and €3 is attached to a reference line along
the axis of the deformed beam. The geometrical nonlinearities are
expressed using coordinate transformation matrices with the Euler
angles in the present larger-deflection-beam theory:

ef =t,(x))e; =T(x))i;, where T(x;) =1,(x))t,(x;) (1)

The transformation matrices 7, ., and T depend on the curvilinear
axial coordinate x;. Assuming that the initial curvature values are
small and that the shearing strains are smaller than unity in the
Green—Lagrangian strain components, the strain-displacement
relationships are represented as given in [11]. The strain-
displacement relationships are given in [12].

—_ 5 / —_ —_—
&1 = ey1 + X3k — Xok3 + W, £y = W, £33 = W33

— 2 / —
Yio = 2e1, — X3k + w5, + wy, Va3 = Wa3 + W3p

Vi3 = 2e13 + Xk + w3 + wh ki =K; —k; (@)

Here, x,, x,, and x5 are curvilinear coordinates. w;, w, and ws are the
general warping displacements of an arbitrary point on the cross
section. The force-strain (e,;, 2¢;,, and 2¢,3) and moment-strain (k,
K», and k3) components are given in the literature [13]. Herein, prime
denotes the derivative with respect to x; and i denotes the derivatives
with respectto x; (i = 2, 3). Using Hamilton’s principle, the equation
of motion can be obtained as

/’2(5U—5T—5W)dz:0 3)

where
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Fig. 1 Geometry and coordinate systems under large deformation.
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o= [ ) o)(s)e
8T:/01/;p{8Vi}T{Vi}dAd.x1
8W=AIL8{R,-}T{f,-}dAdx1

Here, U, 8T, and 6W are the variation of the strain energy, the vari-
ation of the kinetic energy, and the virtual work done by external
forces. The sectional stiffness matrices A, B, and D are 3 x 3
matrices that depend not only on the material properties but also on
the cross-sectional geometry, initial curvature, and twists. In the case
of an isotropic material, these matrices are represented by the
diagonal term [13]. The nonlinear finite element equation of motion
is obtained in the matrix form of

M(q)l{a} + P(q) — P,(q) = {0} “)

where M(q) and P(q) are the mass and the internal elastic force
vector, and P, (q) denotes the external forces by aerodynamic forces.
The Newton—Raphson method combined with a line-search method
was applied to improve convergence and reliability.

B. Transonic-Small-Disturbance Theory

The three-dimensional modified unsteady TSD equation may be
written in conservation-law form as [14]

3fo _{_%_{_%4_%_

ot 0x dy 9z 0 )

where

fo=—Ad, — Bo,,
f2 = ¢)(1 + H¢x)’

fi=E¢, + F¢} + G¢2 + G§?
f3=¢z (6)

The above equations are given in a physical coordinate system (x, y,
z, and 1), where the subscripts x, y, and z denote the derivative of each
direction, and ¢ represents the disturbance velocity potential. The
coefficients are defined as

A=M, B =2M>, E=1-M
1 1
F:—E(y—l—l)Mz, G:E(y—S)Mz
H=—(y—1)M* @)

where M is the freestream Mach number, and y is the specific heat
ratio. The coefficients depend on the assumptions made when
deriving the TSD equation. Details of acrodynamic analysis schemes
are discussed in Yoo et al. [15].

To couple a fluid flow solver with a structural solver directly, the
transformation of forces and displacements between a finite element
mesh and an aerodynamic grid should be introduced. For the
displacements mapping onto a CFD grid, the cubic Lagrange shape
functions are used. On the other hand, to transfer forces on a FEM
mesh onto a CFD grid, the work-equivalent energy method is
applied, which implies that the work done by virtual displacements
and distributed forces is equal to that of virtual displacements and
nodal forces. In a finite element model based on the large-deflection-
beam theory, a global coordinate system differs from a deformed
local coordinate system. However, in an aerodynamic model based
on the TSD theory, these two coordinates coincide with each other.
According to Patil and Hodges [7], the deviation of aerodynamic
forces due to curvature effects can be negligible. Thus, the curvature
effect is ignored, although three-dimensional aerodynamic forces are
calculated by the TSD equation. Using a static aeroelastic analysis,
the deformation of a wing can be obtained under the given static
forces of gravity and steady aerodynamic forces. In addition, steady
aerodynamic forces change according to the deformed shape. Thus, a
converged deformation shape is calculated using an iterative
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procedure. In the static equilibrium state, mode shapes and natural
frequencies are obtained. After the static aeroelastic computation, the
dynamic aeroelastic analyses are conducted.

III. Results and Discussion
A. Structural Analysis Under Gravity Loading

The planform of the high-aspect-ratio wing has aroot chord length
of 0.0508 m, a span length of 0.4508 m, and an aspect ratio of
approximately 9. The NACA 0012 airfoil section was selected for the
lifting surfaces. Additional details of the model along with the
experimental procedures are discussed by Tang and Dowell [6]. For
the structural analysis, five elements of a four-node cubic inter-
polation function are used. A clamped boundary condition is applied
at the wing root.

Figure 2 shows comparisons of static deflections between the
present results and the experimental data. Herein, theory results of
reference are obtained by Hodges—Dowell equations [16]. The
present numerical analysis results and experimental measurements
of the tip deflections are compared for 6, =0, 45, and 90 deg.
Flapwise bending refers to bending perpendicular to the wing chord,
and chordwise bending refers to bending in the direction parallel to
the wing chord. As the pitch angle increases, flapwise deflections
decrease. On the other hand, chordwise deflections increase due to
the geometrical bending-torsion coupling effect. The present
numerical results for the flapwise and chordwise components show
good agreement with the experimental data for all of the pitch angles
in Figs. 2a and 2b. Similar results for the torsional deflection are
illustrated in Fig. 2c. The characteristics of torsional deflection were
sourced from the literature [17] and values of torsional deflections
were calculated using the arc-cos formulation. The static tip
deflections were in good agreement with the measured data. From
comparisons of the present analysis results and the experimental
data, the nonlinearity effects due to a large deflection are well
described by the present nonlinear analyses. However, there is a
slight difference between the linear and nonlinear analysis results
under gravity-load effects.

Figure 3 shows the flapwise, chordwise, and torsional frequencies
under gravity loading. The flapwise and chordwise frequencies show
good agreement with the experimental data. With the increment of
the pitch angle, the flapwise frequency slightly decreases. On the
other hand, the chordwise frequency increases due to the stiffening
effect. In the case of the torsional frequency, the present analysis
results are slightly offset from the experimental data. However, the
present nonlinear analysis results follow the variation of the natural
frequencies as a function of the pitch angle. Thus, the present
nonlinear analysis results accurately predict the static and dynamic
behavior of the model of Tang and Dowell [6].

B. Aeroelastic Analysis Results

For the aerodynamic analysis, the grids contain 80 x 78 x 40
points in the x, y, and z directions, respectively. Although the
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Fig. 3 Comparisons of natural frequencies under gravity loading.

experimental model has a tip store, its aerodynamic effect is
negligible [6]. Thus, the tip store is ignored in the aerodynamic
analysis.

The flapwise and twist deflections at the tip when the pitch angle of
attack is 1.0 deg are presented in Fig. 4. Because of the aerodynamic
forces, both the tip deflection and twist angle increase with the
increment of the flow velocity. The balance between the aerodynamic
and the gravity forces occurs at U = 35 m/s. This indicates that the
aerodynamic forces provide sufficient aerodynamic force to over-
come the effect of gravity. In general, the agreement of the twist
deflection is excellent, except for a flow velocity of approximately
35 m/s. In the higher-velocity range, it was noted in a related study
that the data fluctuation increases due to greater aerodynamic inter-
ference [6]. Moreover, it was noted that the present linear and
nonlinear analysis results coincide because the current flow condi-
tion cannot sufficiently generate the geometric structural non-
linearity.

Figure 5 illustrates the static aeroelastic defections at the tip for the
pitch angle of 6, = 2.2 deg. The flapwise deflection is nearly equal
to zero when the U = 25 m/s, as the aerodynamic force is equal to
the gravity force. Similar to the case of 6, = 1.0 deg, the deflections
were increased with the increment of the velocity. However, the
magnitude of the both the flapwise and twist deflections are larger
than those of the lower pitch angle of attack, due to the increment of
the external aerodynamic load. Several differences of deflections
were also noted between the linear and nonlinear numerical results
when U = 35 m/s. As can be seen in Fig. 5, it can be inferred that the
geometric structural nonlinearity occurs over the velocity of 30 m/s.

Figure 6 shows the overall deformed shapes along the spanwise
direction between the linear and nonlinear analysis results. When
only the force of gravity is applied, the deformed shapes of the linear
and nonlinear analysis cases are nearly identical. However, at a flow
velocity of 35 m/s, the nonlinear analysis results show larger
deflections for both the flapwise and twist deflections. In addition, the
deflection of the axial direction is only found in the nonlinear case.
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Fig. 2 Comparisons of static deflections under gravity loading at the tip.
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The dynamic flutter velocities and frequencies are shown in Fig. 7.
For the prediction of the flutter boundary, as in the study of Tang and
Dowell [6], a dynamic perturbation approach was used to determine
the small-perturbation flutter boundary of this nonlinear analysis for
a nonlinear static equilibrium condition. For comparison, the linear
flutter boundary is also plotted. In the present analysis, the flutter
velocities are higher than those of the reference data, whereas the
flutter frequency shows good agreement. This difference is due to the
aerodynamic model of the analysis results here compared with the
reference data. In Tang and Dowell’s [6] study, a dynamic stall model
was used. However, the stall model is not considered in the present
research. Therefore, the differences in the flutter velocity increase
with high pitch angles. The present analysis results are in a good
agreement with the experimental data in low-pitch-angle ranges.

IV. Conclusions

In this study, aeroelastic analyses of a high-aspect-ratio wing are
conducted. To consider the geometrical nonlinearity of such a wing,
the large-deflection-beam theory is introduced. Additionally, the
transonic-small-disturbance theory is used for an efficient aerody-
namic calculation. Conducting a structural analysis under a gravity
effect, the structural analysis procedure and results of this study are
verified. Static aeroelastic analyses are achieved using a structural
solver based on the large-deflection-beam theory coupled with the
TSD aerodynamic solver. The present research results were found to
be in good agreement with the measured deflection data. The flutter
boundaries are also presented using a small-perturbation approach.
The developed nonlinear aeroelastic analysis method can efficiently
predict flutter stability while taking into account geometrical
structural nonlinearity.
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